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Dumont and Foata have de ined a polynomial b~(x, y,z) recursively. They proved ~hat 
F,, .x, y, z) is symmetric nx. y, z and that F.(1, 1, 1)= G2,,. 2, ,he Genocchi number. Moreover, 
they gave an elegant combinatorial interpretation for the coefficients of F.(x, y, z). in the 
present paper explicit formulas and generating functions for F.(x, y, z) are obtained. 
1. Introduction 
Dumont and F:oata [4] have defined a polynomial F.(x. y, z) in three variables 
recursively by means of 
¢1.1) F . (x ,y , z )=(x+z) (y+z)F . _dx ,  y , z+ l ) - z2F ,~_ l (x ,y . z )  (n >~2), 
where F~(x, y, z)= 1. They proved that F.(x, y, z) is symmetric in the three 
variables x, y, z and that 
(1.2) F.(1, 1, 1) = G2.+2 (n ~> 1), 
whe:re G2.+z is the Gennochi number defined by 
----. ~ l12n 
2___uu u+ ~ ( -  1)"G2. x-'z,, (1.3) e"+l  ~=l (zn), 
or equivalently 
(1.4) G2~ = 2(22~- 1)IB2.1 (n ~> 1), 
where B2~ is the Bernoulli number in the even suffix notation [7, Ch. 2] 
(1.5) e" - 1 - .~o "n!'  
Moreover, they obtain an elegant combin.~torial interpretation for the coefficie~ts 
a..,.~.k defined by 
~ xi - l~, j - - lz  k- I  (1.6) F,,(x, y, z )= ~',,.i.j.k y • 
/d.k= 1 
2 l l  
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It is evident from (1.2) and (1.6) that 
(1.7) G2.+~ = ~ a,,i,i.k. 
i , j , k  = 1 
GarAhi [5] had conjectured that if {P~(z)}~o is a sequence of polynomials 
defined by Po(z)=: 1 and 
(1.8) P~(z)=z'P,-.,(z+l)-(z-l)2P,, dz) tn~l ) ,  
then 
(1.9) G~,+~ = P,(1). 
This conjecture was proved independently by the present writer [1] and by 
Riordan and Stein [8]. 
If we put 
O,(z)=P,~_llz+l) (n ~ 1), 
it is clear that O~(z)= 1 and 
(1.10) On(Z)=(Zt-1.)20,,_t(Z+I)--Z20,1(Z) (tl ~ 2); 
thus (1.9) becomes 
(!.11) G2,,~a=O, 1(~) (n~>l). 
Moreover comFarison t~f (1.1) with (1.10) gives 
(I,12) O, , (z )=F, ; ( l , l , z )  (n~l ) .  
Explicit formalas for the polynomial have not previously been obtainc t, In the 
present paper ~e show first that 
(I.13) ~,.~(x,y,z)= ~(-1)"  k(X+Z),(y+z)kA,,,k(Z) 
and secondly that 
(1.14) F:,(x.y,z)=S,,,l+S,,,2±S,,.. 
where 
(x )k=x(x -1) . . . (x+k- l ) ,  (x)o= l, 
(I.15) '~,,., 2 ""'"~'"' = (-  1)" k(y+z)ak(Z+X)~.(X+ )')2~ 
r ,: 4 i ~1 J k '~ 
"A,,,(x)A~,k(y)A,.k(zJEk(; j': I.2,3L 
the C, are certain exolicit symmetric ,oolynomids in x, y, z, E is the operator 
defined by 
E f(x, y, z)=/(x+ 1, y-~ 1, : + 1) 
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and 
2 ~ k_~(k) (x +j)  2"+' (1.16) A..k(x) = ~. ~( -1 )  
The second explicit formula, unlike ti'e first, it symmetric in x, y, z; unfortu- 
nately it is a good deal more complicated. 
We also obtain generation functions for F,(x, y, z): see (4.2), (4.4), (4.6) below. 
The particular case (4.2) 
U 2n 
~(-  1)"-~G(x, y, 1) (2n)! 
l ~ (x)b(')')L 
(1,17) i ( -  l) ~'-1 . . . . .  (2k)! (e e ~ ) . 
may be noted Moreover we get the following explicit formulas for the Gandhi 
polynomial O.(z) :  
1 n 
• ~( -  l)"-kk! (z)kT(n, k) (1.18) O,,(z) = z~ 
and 
(1.19) O . (z )= ~.( -1)"~kk!  A ,  Lk ~(Z) 
The coefficient T(n, k) is the divided central difference of zero detmed by [2] 
(1.20) T(n ,k )=T(n - l . k - l )+k~T(n- l , k )  (n~>l) 
and 
T(0, k )={ l  , (k'-~())' 
(k >o). 
2. Proof of (1.13) 
Let E de~ote the operator defined by 
(2.1) Ef(z)=f(z+ i), 
where f(z) is an arbitrary polynomial in z. Then the recurrence (1.1) becomes 
(2.2) F,, . ,~(x,y,z)=((x+z)(y+z)E-z~)F.(x,y,z)  (n ~> 1). 
Hence 
(2.3) F.+k(x.y ,z)=((x+z)(y+z)E-z~)kF. (x ,y ,z)  (n ~ l, k --~0). 
In particular, since F.~(x, y, z)= 1, 
(2.4) F. ,~(x,y ,z)=((x+z)(y+z)E-z2)n.1 (n ~ 1). 
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We may put 
(2.5) ( (x+z) (y+z)E -z2)  "= ~( -1 ) '~k(x+z)~(y+z)~A,~Uk,  
k =0 
where 
(Z)k = Z(Z + 1) " " " (Z + k - 1). (z)o = 1 
and A.k = A.k(x, y, z). Ther~ 
n+l  
22 ( -  1)"-k+l( x + Z)k(y + z)kA. ,  i.kE k 
k =0 
= ((x+ z ) (y+ z )E -  z 2) ~ ( -  1)" -k (x+k)k (y+ z)kA.kE k 
k=O 
= (x+ z ) (y+ z) ~ ( -  1)"-k(x + z + 1)k(y + z + l )k(E A .k )E  k ' l  
k = O 
- z ? ~ ( -  1)"-•(x + z)k(Y+ z)kA.kE k 
k=O 
= 22 ( -  1)"-k+l( x+ Z)k(y+ z)k(EA. ,k - j )E  k
k=l  
- : : "  22 ( -  1)"-k( x + z~k(Y + z)kA.kE k. 
k=O 
It follows that A.u sati,~fies 
(2.6) A,,~I .~=EA., , .  l+zeA,,.k. 
Since. by (2.5) 
Aoo = 1, A~o = z 2, A11 = 1, 
it is clear that 
(2.7) A,~.k = A,,,~(z), 
Table I 
0 1 2 3 4 
() 1 
1 z 2 1 
2 2 4 Z :4  ( , :+  1) 2 1 
3 z ~ za+z2(z+l)2+(z+l) 4 z:+iz4-1)z+(r 121 e 1 
4 Z a Z6+Z4(Z  + 1)2 24 + Z2(Z + 1)2 + Z2(2~ 4- ~'2 22+(Z+1)  2 
+z~(z+l)~*+(z+l) 6 +(z+l)4+(z+l)2(z+2)2+(z+2)" +(z+2)2+(z+3) 2 1 
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a polynomial in z alone with positive integral coefficients. Making use of (2.6), it 
is easy to constt,~ct Table 1 for A,.k. 
Clearly 
(2.8) A,o(Z) = z 2", A , , (z )  = 1 (n >-0). 
"['he recurrence (2.6) can be written in the form 
(2.9) A,+Lk(Z) = A~.k_ ~(z + 1) + z2A.,k(z). 
Using (2.9) we get 
(z + 1) 2" - z 2" 
A ' l ( z )  = 2z+l  ' 
1 / (z + 2)2" t z -  1)2" z2" " 
2 - - ' -  -'--- 
A"=(z )=~. t (2z~- - ' -3 )  (2z + i)(2z +3) (2z + i-~2z +2)}' 
1 { (z+3) 2" (z+2) 2" 
A..a(z) = ~, i2z  + 3)(2z +4)(2z + 5) 3 (2z + 2)(2z + 3)(2z + 5) 
(z + 1) 2" z 2" ] 
+ 3 (2z + 1)(2z + 3)(2z + 4) (2z + 1)(2z + 2)(2z + 3) ]~" 
These special results suggest hat generally 
1 k (~) 
(2.10) A,.k (z) = ~-~(j~o ( - 1)k-i ak i (z ) (z+j )  2n (O<~k<~n), 
where ak~(z) is inder~endent of n. Indeed, by (2.9) and (2.10), we have 
1 ~ (_1)~_ ~ a~,(z)(z+i)~" 
k!i~o j 
- '- k-a /k - l\ 
(k 11! ~=o s 
1 k 1)k_,(~)ak,(Z)(Z 
Z~ ~o (-  + j) ~" +-~. 
() k' (_l)k_ ~ k . • ,=o J la~-~'i-dz + 1)(z +j)'-" 
K : i=o  \ ] /  
It follows that 
(z + j)2aki(Z) = ja~_Li_l(z + 1)+ z2a~j(z). 
so that 
1 
(2.) I) ak i (z )=~-~ak_L i _~(z+l )  (1 <~j~ k). 
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tteration of (2.10) gives 
1 
(2.12) ak j (z )=- -ak_ i .o (z+j )  (O<~j~k). 
(2z + j)j 
As h, the computation of the special values A,,.k(z), k = 1, 2, 3, It +s easy to show 
by induction that 
1 
ako(Z) (2Z + 1)k" 
Hence, by (2,12), 
1 1 2 (z+j )  
a~tz )  - (2z+jJj(2z+2j+l)+_i (2z+j)k+~ 
and (2.10) becomes 
(2.13) A,,k(z) = ~ ( -1 )  k-~ . 
• ,= (2z+j)k+l 
It therefore follows from (2,4) and (2.5) that 
i x  + Z)k( Y + Z)k F.+~(x, y, z )= 2 ~ ( -  1) "~ 
k =o k ! 
+ ~0 f 
This completes the proof of 
Theorem 1. The polynomial F,,(x, y, z) defined by the recurrence (1.1) has the 
explicit evaluation (2.14). 
3. Relation to Genocchi  numbers 
Put 
(3.1) ~k(Z+U)= ~A..k(Z)U" (k=0,1 ,2  . . . .  ). 
n =fl 
It follows from the explicit va:ues of A..o(z), A..t(z) that 
1 
q~,,(z, u )  = - -  ~ 2 1-Z  v 
1 q~t(z, u)= - -  
(1-  z2u)(1-(z + 1)2u)" 
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By (2.6) and (3.1) 
q~kCz,!~) = ~ {A,-l.~_i(z + 1)+ z2A,~_l.~(z)}u ", 
t l=k  
so that 
(3.2) q~k(z, u)-------U~U +l ,u )  (k~l )  • 1 - z2u q~-~(z 
Therefore 
U k 
(3.3) q~k (z, u) (1 - z2u)(1 - (z + l)2u) • • ' (1 - ( z  + k)2u" 
By means of (3.3) we can again prove (2.13). 
We may put 
u k ~ Ck~(z) 
(1 -z2u) (1 - (z+ l )2u)  .. . (1 - ( z+k)2u)  1- (z+j )2u  2 i=O 
where Ck.j(z) is independenl of u, so that 
k (1 -z2u) (1 - (z+ 1)2u) .... (1 - ( z+k)2u)  
(3.4) u k= ~ Ck,,(z) 
~=o 1- (z  +j )2 .  
For fixed t, 0 ~< t~< k, take u = (z + t) -2. Ther~ (3.4) yields 
~-1 k 
l = Ck.,(z) ~ ((z + t)2--(z + r)2)" H ((z + t)2-(z + s)2) • 
r=O s=t+l  
Thus 
( -  1)k-, 
CkA = t ._ l  k 
II ((z + t) 2 -  (z + r) 2) H ((z + s) 2 -  (z + t 2) 
r=O s=i+ l  
' 1) ~-' 1 
t! (k -  t)! (2z + t),(2z +2t+ 1)~_, 
_ ( -  1)k-' (kt) 2z+2t  
k! (2z + t)k+~ 
an:t (3.3) becomes 
1 t (k~ 2z +2j 1 
(3.5) qsk(z, u)= (-- 1) k-i \ j  / ~ + ~  1_(z+j )zu  
• l=O 
Since 
1 
- y. (z+i)2"u ", 1- (z*  j)2u .=o 
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It follows from (3.5) that 
1 k (/c~ 2z+2j  
~(~'  ") = ~,~o ( -  1)~-j Y~ (z + i)2"u" 
• = \ j ' / (2z  + j )~+l , ,=o  
2 ~ k (k] (z + j)2,+z 
2 , ( -  ~ \ / ' / (2z  +/')k+~ Z u- ' -  ,,k-, i=0 
Therefore, comparing with (3.1), we get 
(2z +/')k+~ ' 
so that we have again proved (2A3). 
Put 
H k 
(3.7) ( l _u ) ( l _22u) . .  ' ( l _kZu)= ~ T(n, k)u", 
t l=k  
so that 
(3.8) T(n+ l ,k  + l)=A,,k(1). 
Thus, by (3.6), 
2 (_ 1)k_, (k~(j+l) 2"÷' 
\ j /  (j+2)k+~ " 
(3.9) T(n+ 1, k+l )= 
• j=O 
&lso, by (3.7), 
(1-k2u) ~. T(n,k)u"=u ~ T(n,k-1)u", 
r l=k  n=k-1  
which implies 
(3.10) T(n ,k )=T(n - l ,K -1 )+k2T(n - l , k ) .  
The T(n, k) are known as the divided central differences o[ zero• For various 
properties of these numbers ee [2]. 
Dumont [3, (3)] has proved the following represent,~fion for the Genoccni 
number: 
(3.11) G2n+2 = ~ ( -1)"-kk!k!T(n,k).  
k=l  
Now, by (1.13) and (3.8) 
n-1  
1 n k - I  ~, , F.(1.1,1)= ~ ( - )  (")k(2)kA.-Lk(l) 
n-1  
= ~ ( -  1)"-k(k + 1)! (k + 1~! T(n, k + 1) 
k=0 
n+l  
= ~ ( -  1)"-kk! k! T(n, k) 
k=l  
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(Note that Dumont':; notation for G2,. 2 differs slightly from the above.) 
By (2.13) and (2.14), 
n-1  
(3.12) F,(x,y,z)= ~ ( -  1)~-k-l(xq z)k~y' +-~)kA,_L~(Z), 
k=O 
so that 
n- l  
F,,(x, y, 1)= )". (--1)"-k-l(X+t)k(y+l)~A,_l.k(l". 
k =0 
Thus, by (3.8), we have 
1 .-1 1) "--k- (3.13) F,(x,y, )= ~ ( -  1(x+i)kly+l)l ,T(n,k+l) 
k =0 
1 
( - 1)"-k(x)k(y)~T~n, k)~ 
xy k=~ 
In (3.13) take y = 1: 
(3.14) F~(x, 1,1) =1 ~ (-1)"-kki(x)kT(n,k). 
X k=|  
Since, by (1.12)~ 
F,(x, 1, 1)= O,(x) = P,, ~(x+ 1), 
we get 
(3.15) O,(x) =1- ~ (-1)"-kk!(x)kT(n,l~). 
Xk=l 
For x= 1 this is in agreement with (3.11). 
Alternatively, if we take x = y = 1 in (3.12) we get 
r t - i  
F.(1, 1, z)= ~ (-1)"-k-l(k + 1)! (k+ 1)! A.-l.k(z), 
k = 0 
so that 
(3.16) Q,(z)= ~ (-1)"-kk!k!.a.,_t.k_l(z). 
k=l  
Thus (3.15) and (3.16) furnish explicit expressions for O,(z). 
4. Generating tunctions 
We consider first the case z = 1. By (3.16) 
Ank(X) = 2 ~- (_ X)k_ , (k'~ (1 + 1) 2'~+1 
• J K!j=O 
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2 ,., (-- 1)k+~ 
k ! (l + 1)~+2 j=() 
=2~'~ (--1) k-i (1+1)2"+2 
1=,, (k - j ) !  (k + i+2) !  
k 2 1)k_ j 12k +2\  . 2,+2 
- (2k  +2)! y" ( -  ~k- j )  (1+1) i=o 
2 k+l i*~ [ 2k+2 ~.2 .... 
- y~ ( -  1) ~ 
(2k +2)! ,=o [,k - j + l ) I " 
- 2 ( -  1)i (k - i+  l )  2"+2 
(2k +2)! ,=o 
_ 1 2k+2y~ ( -1y \ (2k+a '}(k - j+ l )2"+2 j  / 
(4.1) (2k +2)! j=o 
Moreover, it fol]ows from (4.1) that 
A.,k(1) = 0 (()<~n <kL  
Hence we have 
~2n+2 
~ A-,k(1)(2n + 2) ! 
-- i 2k+22 ( -  [)' \(2kj[- 2 ]t{e(k j,-l)u A r ~.(k ,+5 .... 2} 
2(2k +2)! i:() 
1 {eil,+ 1).(1 _ e-,,)2k. 2 + e-(k +11=(1 _ e~)ek ,.2} 
2(2k +2Y! 
1 - e ;u -e  ~u)2k +2 
(2k +2)!(  - "  . 
Subs~Ruling in (1.131 we get 
.... o (2n + 1)! 
= ~ (_1)  k (x+ l )k(y+ 1)k(e~_e_.~,)ak,.2 
k =,) (2k + 2)! 
so that 
/A 2n 
~" ( -  Ip-~F~(x, y, 1 ) - - -  
,,:~ (2n)! 
1 ~ (_1)  k l(X)k(y)k(e~, e_~,)2k 
(4.2) :Y-V--k:, 7~)~ ""  - o 
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In particular, for x = y = 1, this reduces to 
U 2n  
(4,3) L ( -  1)"-1F.( 1, 1, 1 ) - - -  
.=1 (2n)! 
= ~ ( -1 )  k-I k !k r  
The  series on the right can be summed by means of the formula 
[6, p. 87, (5.22.11)] 
~ .  , kk !k ! .~  .2k 1 X 
t - )  ~tzx)  - l og (x+vq~x2) .  
k=o ~ ,. 1 + x2 ",l+x2) 3/2 
If we make the substitutions,, 
2x = e ~'u - e-~", 
4 ( l+x2)=(e ,W e ~.)2, x+ l . , /~xe=e~.  
we get 
ik k! k! (e~. _e_~.)2" 
4 e ~ - e -~" 
2 u - -  
(e,~, + e- ,~)2  e~" + e ~" " 
Oo  the other  hand, by (1 .3)  
u 2" e ?'u - e-~" 
( - ) " - '  G2, ~t~.v = u e~,-~e--~, 
r l= l  
so that 
~, u 2. 4 e '~' - e ~u 
.=o(-)"G2,,÷2(2n)! e~-+e- '~  z~U(e)U+¢--)3~ 
Hence once again we get 
Fn(l ,  1, 1) = G2.+2, 
thus serving as a partial check on the more general ;esults. 
Turning now to the general case, by (3.6), 
2 k 
(2z + 1)k+1 
_ ~ ( /q  (2~) ,  (~ +i)~.,~. 
2 ~ (_)k-i  \ j / - (2z+k+l ) i  k! (2z)k+~ i~o 
In view of (3.1) and (3.3) the sum on the extreme right vanishes for 0 <~ n < k. 
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Thus 
i,~ 2n+l  
~ A"'k(z)(2n+ 1)!
n=0 
_ k (k~ (2z), (e(Z.,,. e_(~+,,u ) 
k! (2Z)k+ 1 i=o 
so that 
/,l 2n÷l  
A..(z~ (2-G L! 
n = 0 
( -1 )~ {e~F[  _k ,2z ;2z+k+ 1 ;&]  
(4A) - k! (2z)k+, 
-e~F[ -  k, 2z;  2z + k + l:e-W]}. 
Since 
(c- b)kF[ F[-k,~:c;x]= (~- Z -k,b;b-c-k+l;1-x], 
there is the alternate generat ing function 
/A2 n+l  
~ A~,~(z ) - -  
,,-o (2n + 1)[ 
(4.5) =~ _ 1)~ {e~F[-k, 2z;-2k; 1 -e" ]  
-e-~"F[-k, 2z; 72k;  l -e - " ]} .  
Consequ :ntly we get the fol lowing res-:lts: '
( -  l)"F,~.,(x, y, z) (2n + 1)-~-~. p,=0 
= ~ (x+z)k(Y+Z)k{e~F[-k, 2z;2z+k+'t;eU] 
k=c, k ! (2Z)k+l 
(4.6) - -e  ="F[ -k ,  2z;  2z +k  + 1;e-~]} 
and 
h i2  t t+ l  
~ (-l)"F.~!(x,Y,Z)(2n+l) ! 
n = 0 
= k ~=o: (2k) (x+z)k(v+z)k{e=uF[-k'2"'-2k;1-e~](2z)2k`, " 
(4.7) - e - " "F [ -  k, 2z, -2k ;  1 - e-U]} 
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5. Symmetric formuln |or F.(x, y, z) 
It tollows from the recurrence (1.1) and the symmetry of F.(x, y,z) that 
F.(x, y, z) salisfies the following mixed recurrence: 
F.~ 3 + ( x2 + y2 + z2)Fn+2 + (y2z2 + z2x2 + x2ya)F. ~ 1 
(5.1) +x2y2z2F.=(x+z)2(z+x)2(x+y)2UF. (n ~> 1), 
where the operator E is now defined by 
(5.2) Ef (x ,y ,z )=f (x+l ,y+l , z+ l )  
and for brevity we write F. in place of F.(x, y, z). 
Now put 
(5.3) qt(u) = ~(x, y, z; u) = ~ F.(x, y, z)u". 
n=l 
Then by (5.2) 
Fnu"+(x~+y2+ z2) u z. ~" F,,u"+(Y2ZZ+ Z2X2-t-x2y )u2 ~.. F,,u" 
n=4 n 3 n=2 
+ x2yZzZu 3 ~ k•u" = (y + Z)z(Z + x)2(x + y)zu ~ ~ (EF,,)"", 
n-I  rt=l 
so that 
(1 + x2u)(1 + y2u)(1 + z2u)qt(u) 
= F I u + F2 u2 q- F 3 u 3 q- (x 2 q- y2 q_ 72) u (F  1 u 4- F2 u2) 
+ ( y222 + z2x 24- x2y2)u 3 + (y + -7):,(z + x)2(x + y)2u3El/-t(;,/) 
(5.4) =P(u)+y+z)2(-7+x)2(x+Y)2u3all(u), 
where 
P(u) = u + (F~ + x z + ),2 + z:)u z 
(5.5) "¥ {G -{- ( X2 -}- y2 .~_ z2)F2 q_ y2z2 q_ Z2X 24_ xZy2}u3" 
It follows from (5.4) that 
/9(12) (y + Z)2(Z + X)2(X + y)2 U 3~p'(U) 
~(u) (l+xZu)(l+y2u)(l+z2u)+(!+x2u)(l+yZu)(l+z2u) 
p(u) 
- (1 +x2u)( l+y2u)(1 +zZu) 
(yq-z)2(Zq-X)2(Xq-Y)2 hi3{" EP(u) 
+(l+x2u)(l+y2u)(l+::2u) ( l+(x+l)2u)(l+(y+i)z't)( l+(z+l)au) 
(Y+Z+2)z(z+x+2)2(x+y+2)a u31-.2 qt(u) }. 
4 (1 + (X +~1)2U) (1  q- (y + 1)2U)(1 +(Z + 1) 2u) 
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Continuing, we get 
(51.6) att(u)= ~ (Y+Z)2k(Z+X)2k(x+y)2ku3~EkP(u), 
k-o Dk 
where 
Dk = h (1 + (x + j)2u)(l + (y + j)2u)( I 4-(z + j)2u). 
j -0  
By (3.1) and (3.3), 
Uk 
= ~ ( -  1)"-kA.,k~X)U ". (14x2u) ( l+(x+l )~u) ' " ( l+(x+k)  2u) .-,k 
Thus (5.6) becomes 
~(ui= ~ (y+Z)2k(Z+X)2k(x+Y)zkEkP(u) 
k =l) 
, r÷s+t  (_ !),~ ~+,+kA,,k(x)A~.kty)A,.k(z) u . 
r , s , t=k  
= ~ (y 4- Z.)2k(Z. + Xjek(X + y)2:~E~p(u) 
k =- 0 
• ~'. u" ~. (-1)" kA,.k(x)A,.t,(y)A,.k(Z ). 
~t :0 r+s+~ n 
For brevity put 
P(u) = ClU + C2/d2+ C3/~3;  
then by (5.5) 
CI = i ,  C2 = F2 + x2 + y2 + z2 = yz + zx + xy + x2 + y2 + z 2, 
C3 = E~ + (X 2 + y2 + zZ)Fe + y2Z2 + Z2X2 + X2y2 
=(yz + zy+ xy)2 +(y+ z)(z + x)(x + y) 
(5.7) + (X2 + },2 + Z2){ yz + ZX "÷ Ky) + y2z2 + Z2X 2 + x2y 2. 
Hence we have 
(5.8) G, (x ,y~z)=Sml+S, , .2+Sn.3 ,  
where 
= , ( - -1)  n k(y+z)2k(:S4"X)2k(X+y)2 k 
r~-s+t  -~1 i k : :0  
(5 .9}  "A~.k(x)A~.k(y)A..k(z)EkCi (j = 1,2, 3). 
This completes the proof of 
Theorem 2. The polynomial F.(x, y, z) has the symmetric representation (5.8), 
Explicit formulas fbr the Dumont-Foata polynomial 225 
(5.9), where C; is defir~ed by (5.7) and 
A "2 k (k)  (x+')~"÷' °.~(x)= ~-~ ~. ( - l )  ~-i 
i=o j (2x + i)k+l" 
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